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STABILITY OF NONLINEAR SYSTEMS WITH MULTI-TERM HILFER
FRACTIONAL DERIVATIVES AND VARIABLE COEFFICIENTS

H. WANG!, F. LI**

ABSTRACT. This paper investigates the stability of nonlinear system with multi-term Hilfer
fractional derivatives and variable coefficients, which is a challenging problem. We establish
the existence and uniqueness of solutions for the given system, as well as its Ulam-Hyers and
Ulam-Hyers-Mittag-Leffler stability in a weighted space. To validate our theoretical findings,
we present three representative examples, among which an RLC circuit model is analyzed in
detail.
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1. INTRODUCTION

As a generalization of classical integer-order operators, fractional calculus provides the mathe-
matical capabilities for describing hereditary processes and memory-dependent behaviors. These
characteristics make fractional-order models particularly valuable for analyzing dynamical sys-
tems with non-local temporal dependencies. The governing equations of such systems, known
as fractional differential equations (FDEs), have become indispensable in multidisciplinary re-
search, demonstrating remarkable effectiveness in domains ranging from sciences to engineering
[2, 5-7, 14, 20, 21, 23, 24, 27, 28, 30, 34, 37, 40], with applications spanning circuits, population
dynamics, neural networks, robotics, and control systems. In 1908, Langevin established the
mathematical model for Brownian motion through a stochastic differential equation. Subse-
quently, this equation was extended by Mainardi and Pironi via fractional-order operators to
describe anomalous diffusion in complex systems, resulting in the fractional Langevin equations
(FLEs). Significant research has focused on investigating the initial/boundary value problems
of FLEs, as demonstrated in references [8, 9, 10, 13, 42]. The inclusion of non-constant coeffi-
cient functions introduces significant challenges in deriving solution representations for variable-
coefficient FLEs, particularly in nonlinear cases. Recent studies [29, 32, 33] have made some
progress in addressing the linear cases.

The foundational concept of Ulam-Hyers (UH) stability was first introduced in 1940 by Ulam
and Hyers [16, 36]. This seminal result guarantees that for any equation satisfying UH stability
criteria, an exact solution necessarily exists within a rigorously defined neighborhood of its
approximate solution.

Rassias (1978) generalized the Ulam stability concept by incorporating functional variables,
establishing the extended Ulam-Hyers-Rassias (UHR) stability framework [31]. Moreover, when
the functional variable takes the specific form of a Mittag-Leffler function, the stability is clas-
sified as Ulam-Hyers-Mittag-Leffler (UHML) stability (see [4, 38, 39]). However, investigations
into UHML stability for such equations remain relatively scarce in the existing literature.
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Fractional-order systems (FOSs) serve as a versatile modeling and control framework with
broad applications, including: Chaos theory [43], fractional dynamics, financial economics [12],
and complex physical processes [3]. Recent advances have spurred significant research interest
in FOSs [1, 3, 11, 17, 22, 26, 35] and references therein.

In [3], the authors comprehensively analyzed boundary value problems for diverse classes of
FOSs, incorporating different fractional derivatives. In [26], the existence and uniqueness of
solutions were established for the following -Hilfer FOS with boundary value conditions:

Hperilat) = f(ty(t), "D y(t), t € [a,b],
HDePy) = gt,a(t), "DV (1), t€a,b],

where # D% represents the t-Hilfer fractional derivative.
In [17], the authors demonstrated the existence and uniqueness of solutions for nonlinear
Caputo-type fractional integro-differential Langevin equations under boundary value conditions

‘DD + Mi(1)z(t) = f(t,if(t),y(t%/cb(t’S)y(S)dS), t €[0,1],
0

D (°D2 + Xa(1))y(t) = g(tal’(t)yy(t),/w(ta s)x(s)ds), ¢ €[0,1],
0

where 0 < ag < 1,1 < B < 2, for k = 1,2, A\;, A2 : [0,1] — R are continuous functions, the
functions ¢, : [0, 1] x [0,1] — [0, 400).

However, to the best of our knowledge, research on Hilfer fractional systems with variable
coefficients remains limited. In this study, we conduct a comprehensive investigation and anal-
ysis of UH and UHML stability for fractional Langevin systems. Specifically, we examine the
following nonlinear multi-term Hilfer fractional system with variable coeflicients:

x1(D)p(t) = g1t q(t), T DG (), t € J,
X2(D)q(t) = ga(t, p(t), T D p(1)), t € J, (1)
Iy "'p)(0%) = po,  (Iy:"q)(0%) = qo,

where 0 < aa < <o <11 <1,0<5<1,yi=a;+6i(1l —ay) (i =1,2), J := (0,7,
xi(D) = [HD2% 1 0] [T DI + M),
xa(D) = ["Dg2™ +60)] [" D5 + 61(1)],

and \;, d; (i = 1,2) are continuous functions.

When A2(t) = d2(t) = 0, (1) reduces to a fractional Langevin system with variable coefficients;
when A;(t) = 61(t) = 0, x1(D) and x2(D) denote the composite of Hilfer fractional derivative
operators, the corresponding system constitutes a mathematical framework for describing an
RLC circuit (see [44]).

To the best of our knowledge, no prior studies in the relevant literature have addressed the
existence, uniqueness of solutions for the system given in (1), as well as UH stability and UHML
stability of (1).

The analysis of the aforementioned system presents several fundamental challenges:

(i) the inclusion of variable coefficients significantly complicates the derivation of represen-
tations of solutions;

(ii) the inherent complexity of the above system renders it unsolvable through direct inte-
gration methods;

(iii) the presence of multiple derivatives introduces additional difficulties in the stability anal-

ysis.
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Consequently, we shift our focus to the following system:

Hpoesa [ H Dot 16, (6)|q(t) = fa(t, p(t), TDS P p(t), q(t), DS q(t)), (2)

{ Tpez P2 M DL X ()p(t) = fult, p(t), "Dt p(t), q(t), " DHPrq(t)),
(Iox "P)O0F) = po,  (Ip: "' q)(0") = qo.

We establish the existence and uniqueness of solutions for the system (2), as well as UH
stability and UHML stability of the system (2). As a corollary of our analysis, we obtain new
results for (1) that remain novel even in the case of constant coefficients.

Our primary methodological and theoretical advances include:

(i) we obtain the existence and uniqueness of solutions for the nonlinear Langevin system
with variable coefficients in a weighted space;

(ii) we provide an explicit representation of the solution for the linear system corresponding
to the nonlinear system;

(iii) we establish the stability conditions for the nonlinear Langevin system with variable

coefficients in a weighted space;

(iv) the theoretical framework is successfully applied to analyze a fractional-order RLC cir-

cuit.

This study is organized into seven sections. Section 2 presents essential definitions and prop-
erties of fractional derivatives. Section 3 is devoted to investigating the existence and uniqueness
of solutions for (2). In Section 4, we analyze the stability of (2). Section 5 derives the corre-
sponding results for the system (1). Section 6 demonstrates our findings through three examples.
Finally, Section 7 concludes with a summary of the paper.

2. PRELIMINARIES

Let 0 <ty < T, C[to, T] indicates the Banach space of continuous functions z on [tg, 7] with
the maximum norm ||z||c = max |z(¢)|. For 0 < o < 1, Cy[to, T] represents the weighted space

05
Colto, T] = {z € C(to,T]; (t —t9)?2z € C[to,T)} with the norm |z|c, = trr[ia% [(t — )7 2(t)].
€lto,
Cl[to, T] denotes the weighted space Cl[tg,T] = {z € C[to,T]; 2’ € Cylto, T]} with the norm
Izllcx = [l2lle + [12']lc, - C’f‘;ﬂ,y[to,T] stands for the weighted space

O [to, T) = {z € C14[to, T; HD%;BZ € C1_4[to, T]} € C1_4[to, T), v = a + B(1 — a),

with the norm ||zl e = [l2lle;, + ||HDj0fz||CH.
-
Clearly, Co[to, T] = C[to, T]. We abbreviate C[to, T|, Cy[to, T, CLlto, T], C’f‘g’i[to,T] with C,
C,, CL, Clo‘;[i, respectively.
Definition 2.1. ([20]) Let o € (0,1). The left-sided Riemann-Liouville fractional integral I7, ¥
0

and derivative RLD;Q\I/ are defined by
0

t

o _ L _Sa—l s)ds
I = Fo / (t = ) W(s)ds, > to
(RLD%\I/)(t) = C(;t(];go‘\li)(t):F(ll_a);t/(t—s)_alll(s)ds, t > to,

provided the right-hand sides exist, where I'(-) denotes the Gamma function.
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In [32], the author introduced a modified version of the Hilfer fractional derivative, as described
below.

Definition 2.2. ([32]) The left-sided Hilfer fractional derivative of order o € (0,1), 5 € [0, 1] of
U(t) is defined by:
HpePw(t) = BEDLIH(IL0) (1) — (17 9)(1])], t > o,
0 0 0 0
where v = o+ (1 — a).

Lemma 2.1. Let 0 > ~, then
) 60—
HD%B((t —to) 1) _
In particular, HDZ);B((t —to)’" 1) =0.

Proof. From [20, Property 2.1], we deduce that

Dt;ﬁ(( —19)"") = RLD;{“"[(ISF((S—to)e”))(t)—(Ijg‘”((s—to)“))(to*)]
Ciar T(O _
= DT [ (= t0)
_ I —am
GETL
In particular, 7 D7 ((t — to)171) = BLD 77 [D(y) — T'(y)] = 0. 0

Lemma 2.2. Let o € (0,1) and w > o, if ¥ € C,, then ( 7%\I/) (tg) = lim ( :i\I!)(t) =0.

+
t—t]

Proof. The conclusion is an immediate consequence of Definition 2.1 and the following inequality
holds:

t t
1 1 —0
) < F(w)/(t— )7L (s)|ds < /t—s s — to)~%ds - | ¥,
to

(t - tO)wigF(l — U) H ”
Nw+1-o0) o

Lemma 2.3. If V¥ € Ci_,, then
(DR IR W) (1) = (D).
Proof. For ¥ € C_, from Lemma 2.2, we deduce ( tlo TP (tF) = 0. From Definition 2.2 and
[20, Lemma 2.9(b)], we find that
(DI = TEDLTI(I () — (1) )] = W)
Theorem 2.1. If ¥ € Ca”g (B #0), then
(10

(I D) () = W(t) = — (=t
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Proof. Since ¥ € C’lafy, we find that ¥ € C;_, and HD%;B\IJ(t) € C1—~, hence

Lo 00 - (1 )] €

¢ ot t s

and
{f%fa[(ftlgv‘l’)(t) - (13377‘1’)(753)]}(753) =0.
From [20, Lemma 2.9], it follows that
LI RED LT (@) — (L)) = (1700 = (L7 0)(1),

td td td td td
thus

, 1— 1— 1—
(I3 D) (@) = I DR — (T ) ()]

+
0 to

1—vy 51— 1— 1— 1_
= RLDt+ ’YItJr e RLDt+ V+a[(It+ W\I’)(t) - (It+ Wq/)(té)—)]
0 0 0 0 0

= DI — (L))

(I w)(6)

= YO

(t —to)' L.

O
Definition 2.3. ([15, 27]) For p,v >0, y € R, the classical Mittag-Leffler function E,(y) and
the generalized Mittag-Leffler function E, ,(y) are defined by

o0 k e k

Y Y
E = — E, . (y) = e RE

Lemma 2.4. ([15]) Let p,v1,v2 > 0, wi,wa € R, w1 # wa, then

t
/SVl_lEW/l (wish) (t— )" By, (wa(t — s)") ds

0
tl/1+l/2—1
= W1 — wy [WlE%Vl-i-Vz (W1t") = w2 By vy 4y (w2t”) ]

The three-parameter Mittag-Leffler function (see [27]) is defined by
ES NNk T
j () 1;) T(puk +v) k!’

where (§)g = ¢(c+1)---(¢+k—1) for k > 1 and ()9 = 1. Furthermore, the corresponding
integral operator (see [19]) is defined by

(B uwp)(t) = /(t =)' B [w(t — 5)M](s)ds.
0

Lemma 2.5. ([41]) Let ¢, 1 : [0,T) — [0,00) be locally integrable and r(t) : [0,T) — [0,00) be
a bounded, nondecreasing, and continuous function. If k(t) satisfies

o(t) < (t) + A(t) / (t — 5" o(t)ds,
0
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then

TL

t o
—I—/Z I n9 (t — )"~y (s)ds
0

n=1

In particular, if ¥ (t) is nondecreasing, then o(t) < 1(t)Eg(x(t)T'(0)t?).

3. EXISTENCE AND UNIQUENESS RESULTS

In this part, we focus on investigating the existence and uniqueness of solutions of the system
(2). We begin our investigation by examining the initial value problem (IVP) for a linear
equation.

3.1. The linear problem.
Theorem 3.1. Let f(t) € Ci—,,. Then, p(t) € Co‘l’ﬁ1 satisfies the following IVP

HDg M DS? + M @)p(t) = (1), t € T,
{ (I )(0%) = po, ®)
if and only if p(t) satisfies the following integral equation
ol a1to tvl_l
p(t) = =Ig M @)p(t)] + T2 f (1) + NENL (4)

Proof. Let p(t) € Clai’fll satisfy (3), then HDgﬁ’ﬂlp(t) + M (t)p(t) € C’f”ff From Lemma 2.2,
one has

{157 D7 p(t) + M (Dp()]}(07) = 0.

By Theorem 2.1, we find that

152 D522 Dot Pip(t) + Ay ()p(t)] = DG p(t) + A (t)p(t). (5)
From (3) and (5), we get

[T DY+ M(B)]p(t) = I52 £ (8). (6)
Applying I} to (6) and using Theorem 2.1, we obtain (4).
HDOéiﬁl
0

If p(t) satisfies (4), clearly, p(t) € CT": 751 ! and successive applications of the operators

and D(C)f’ﬁ % to (4) yield the first equation in (3). Moreover,
(Iy: "P)() = =T " a(@)p()] + Tgt T F () + po.
By Lemma 2.2, one obtains (Iojvlp)(OjL) = po. Now, we deduce that (3) is equivalent to (4). O

Theorem 3.2. Let f(t) € Ci—,,. Then, the integral equation (4) has a unique solution p(t) €
Cl 1’51 given by:

- « (8} « tvlil
Z IOJ&)\l ))k |:I()+1+ Qf(t) + F(yl)po] .
k=0

Proof. We define the following operator 7 : C1_, — Ci_y;:

=1

(Tp)(t) = ~Igt M (t)p()] + 1572 £(¢) + TP
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It is evident that 7 is well-defined, and any fixed point of 7 corresponds to a solution of equation
(4). Since

t
_1 T(61)T(62)
§)lgllgg = rt0—1 UV g g g, < 1 7
/ o= T T 0 10y < 1, (7)
0

for p, p € C1—,, we have

Atflettn ~
AT~ (TR0 < PRI [t s -l
0

£ Al (1) . Hp _5HC
[(ar +m) o

Furthermore, we arrive at

[A]ctt—

(T (1) — (TR ()] < le)o/(t —8)M7(Tp)(s) — (TP)(s)lds

t

[AL[|ET (1)t~
< F(oqc—l—m (t—s) st s p—plloy_,
0
||>\1||%F(71)152“1 .
= o |lp—Dlci_,,-

['(2a1 +m1)
By induction, we derive that

[AL[|E (1) ke
[(kayr +71)

t(TEp) (1) — (TFP)(2)] < lp—pller, -

Then for sufficiently large k, one gets
£ (TFp)(6) = (T*B)(#)] < Ollp = Bller—.,» 9 € (0,1).

Through the application of the generalized Banach contraction principle, it can be conclusively
established that the operator 7 possesses a single fixed point p € C_,,, which satisfies (4). Thus
the following sequence {p,} is convergent in Ci_,,:

{ olt) = o + I8 (1),
( ) () 0+[)\1( )pnfl(t)], n:1,2,"' .

Furthermore, we find that

pi(t) = pot) —IS“HM( )bo(8)];

pa(t) = +Z VE(ISEM () o (t),
Pult) = +Z VEISEAL () o (t).
Hence, the limit
B(t) = lim S (=DM () = > (=DFUIGEM () po(t),

k=0 k=0
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is the unique solution of (4). One can observe that from Theorem 3.1 it follows that the solution
belongs to C1A! O

1—7v1
The following theorem follows directly from Theorem 3.1 and the proof of Theorem 3.2.
Theorem 3.3. Let w(t) € C and h(t) € Ci—,,. Then, the following IVP
(DG + w(lp(t) = h(t), t € J,
(Iyx "'p)(0F) = po,

has a unique solution p(t) € C’O””B1 and

018
o0 !

p(t) = 3 (=D (It [I5th () + ?mm]
k=0

Theorem 3.4. Let h(t) € Ci—y,. Then, the following IVP

{ [ D52 4 Xa(6)] [ DGL™ + M ()] p(t) = h(t),

(1577 )(0%) = po, (®)

has a unique solution

> > -1

) = S (DMIEMC)H[I5E SO0 U0 Tg2h(t) + F—smo]. o
k=0 n=0
Proof. Let p(t) € Co‘l’ﬁl satisfy (8). If we set
¢(t) = ["DgE™ + M()lp(2). (10)
then ((t) € C7*/ and
[ D§% 4+ Ma(H)]C(t) = h(t). (11)
From Lemma 2.2, one has
(I5720)(0%) = 0. (12)

By Theorem 3.3, system (11),(12) has a unique solution ((t) of the explicit form:
oo
C(t) = Y (=D Ig2A () Ig2 ().
k=0
Through the synthesis of (10) and Theorem 3.3, there exists a unique solution p(¢) which is
formally given by (9). O

3.2. The nonlinear system. In this subsection, we study the nonlinear system (2). Let X =
Cff’fll, since X is a Banach space, it follows that X x X is a Banach space with the norm
1 )l = [l goa i + HUIIC;Y_%@-

We need the following assumption:

(H) The functions f; : J x R x R x R — R satisty f;(t, p(t), 7D p(t), q(t), DI q(t)) €
Ci—~,(j = 1,2) for any (p,q) € X x X and for [;(t), m;(t) € C,u;(t ) ( )€ Ci—y (1=1,2,3,4),

[f1(t ua (t), ua(t), us(t), ua(t)) — fr(t, vi(t), va(t), vs(t), va(t))| < Zl ui(t) = vi#)],

|2t ua (2), ua(t), us(t), ua(t)) — fa(t, v1(t), va(t), v3(t), va(t))] Zmz () |ui(t) = vi(t)].

IN
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We denote
M = max{|[Mlle; [91le, max [lLillc, max, millc}s (13)
— Ta1 T2 Ttz
M := 5MT max{ , , } 14
(n) L(ar +m)" T(ag+m)" Tl +az+m) (14)

Theorem 3.5. Assume that (H) is satisfied, ifM\ < 1, the system (2) has a unique solution.

Proof. From the proof of Theorem 3.1, we see that

p(t) = —IgH P (Op(®)] + Igi 2 fi(t) + Kgpo, t € J, (15)
q(t) = —I0H[01(t)q(t)] + I fo(t) + & ;qo,teJ
where
fit) = fltp®), IDIPpt), q(t), TSP (1)),
f2(t) = folt,pt), DI p(t), q(t), T DSLPg(1)).

Next, we prove the system (15) has a unique solution. We define an operator F : X x X —
X x X by

Fo.a)®) = (Filp. )0, Fa(p 0)(1) ),

where
- y1—1
Fipo)t) = —IS‘HM(t)p(t)]+I§‘+1+a2f1(t)+pro,
~ 7—1
Fapa)(t) = ~IG0(0a(0] + 15 Blt) + F o

Clearly, F is well-defined and
Dot F(pq)(t) = (HDS“i’Blfl(p, q)(t), "Dy Fy(p, Q)(t)),
where

DG Fapoq)(8) = —01(8)q(t) + Ig2 falt).
Let p;, ¢; € X(j = 1,2) satisfy
(Io: "p)(0F) = (Iy:"p2)(07) = po,
(IO+WIQ1)(O+) = (Io+71 22)(07) = qo.

By (7) we deduce

t

a M — —

It A @)pa(t) = M(t)p2(t)] < T(a) /(75—5)“1 1 ds - flpy = palley s,
0

—

M .
< ?tm 1||p1_p2H01—717 (16)
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and
M (B)pr(t) — MBpa()] = (OIS DIpy () — I8 DS o (1))
t
M ar—1_m—1 H rya1,p1 H rya1,p1
S P(al) (t_s) S dS' H DO+ pl - D[)+ p2”01—'y1
0
M.
< 1. || HDgi’Blpl _ HDgi’Blp2||levl- (17)

)
From (H), (13) and (14), we obtain

|1t pr(t), "D pr(t), qr(t), T DG (1) — fi(t pa(t), T D pa(t), qa(t), F DY ga(t))|
< L (1)|p1(t) — p2(t)] + La(6)] T DL pa(8) — H DL ()] + I3(8) g1 (1) — ga(t)]

+ LI DG (1) = DG ()
< MO H(p1 — p2, @1 — @2) ||l xxx,s

and similarly
| f2(t,p1(2), TDSEP pi (1), qu (8), TSP qu(1)) — falt, pa(t), DS pa(t), ga(t), H DI o (t)))]
< M (py — po, @1 — @)l xxx-

Hence for j = 1,2
152 [fi (8, p1(t), " DGt pi(t), ar(8), " Dyt ™ au (1)) = fi(tp2(t), " Dyt ™ pa(t), a2 (t), Dyt q2(1))]]

t
M o
= /(’5—5)“2 Y ds - ||(pr — p2, @ — @2) |l xxx
0

<t (1 — P2, — @)l xxx (18)

@ =)

and

a1 +ao H naq, H naq, H Hat, H nat,
(1272 (£t o (8), P Dyt pu(8), qu(8), " DeE ™ qu (1)) — fi(t,pa(t), " Det  pa(t), ga(t), " Dyt 2 (2))]
t

M
< t— aj+ag—1 71—1d . _ _
< e [T s = s = )
0
T
< S = g — @) xex. (19)

Similarly, we can deduce

—

M .
IgH61(H)q1(t) — 01(B)g2(t)] < =t Y — qelles_,, s (20)
]/\4\ -1 H nat,p1 H not,01
1)1 (t) — ()2t < " [T D™ a1 — " Do @l - (21)
Now from (16)-(21), we find
M
[F1(p1,q1) — .7:1(172,(12)”0?1,751 S5 [llp1 _pQHCfl’fl + [[(p1 = p2, @1 — g2) | xxx]
-7 -1
and
M
| F2(p1,q1) — }_2(]927(]2)“0?1%61 < g[”% - q2||clllllfl +(p1 = p2s a1 — g2) I x xx]-
—71 -7
Thus

1(Filpr, q1) — Fi(p2, q2), Falpr, q1) — Fa(p2, @2))llxxx < M||(p1 — p2s @1 — @2)|| x xx-
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By virtue of the Banach fixed point theorem, F possesses a unique fixed point (p,q) € X x X
satisfying (2). O

4. STABILITY RESULTS

This section analyzes the stability properties of (2), beginning with the definitions of UH and
UHML stability.

Definition 4.1. The system (2) is UH stable if there is a constant Cy > 0 such that for any

>0 and U(t) = ((t), 4(t)) € X x X satisfying
TDGEO M D+ IR — A4 B, P DG, §(0), T D aw)| << te
1D DG a1 (0)() — fa(t (), T DT, G, TDg ()| < e te
there exists a solution U(t) = (p(t), q(t)) € X x X to the system (2) satisfying
||U — U||X><X < Cye.

Definition 4.2. The system (2) is UHML stable with respect to E,,(1*?) if there is a constant
Mg, > 0 such that for any e >0 and U(t) = (p(t), q(t)) € X x X satisfying

Mg M DIE + M O]B() — fi (8 B(1), T DG B(E), a(b), HDgi’Blﬁ(t))‘ SeBa, (t%2), t € J,
HDgz 2 (M DE ™ + 61(0]a(t) — f2(t,B(2), " DG B(8), alt), HDgi’ﬁlﬁ(t))‘ Seba, (t72), t € J,

there exists a solution U(t) = (p(t), q(t)) for the system (2) satisfying

1U() = U@)lh < eMp,, Ba, (t°2), t € J,

where || - ||1 denotes the vector norm ||(wi(t), wa(t))|1 = |w1(t)| + |w2(t)].

(22)

(23)

Remark 4.1. o(t) = (01(t), 02(t)) is termed a solution of (22) if there exists a function w(t) =
(w1(t), wa(t)) (depending on o) such that

(i) Jwi(t)] < e, |wa(t)] <e, forall teJ,

(ii) for t € J

{ Do MDA ()] (t) = fi(t o1(8), Do en(1), 02(t), "Dy 0a(t)) + wr (1), (24)

HD” BZ[HDQ1 M S1(1)]ea(t) = fat, o1 (D), HD‘” 319 (), 02(t), HD” 1 02(1)) + wa(1).

Next, we discuss UHML stability of the system (2).
Remark 4.2. o(t) = (01(t), 02(t)) is called a solution of (23) if there exists a function w(t) =
(wi(t),wa(t)) (depending on o) such that |w;(t)] < eFa,(t*?)(j = 1,2) and (24) holds.

Theorem 4.1. Assume that (H) holds, if M < 1in (14), then the system (2) is UHML stable.
Proof. Let (Ip7"'p)(0%) = (I;-"'p)(0%), (I "@)(0") = (1,7 "q)(07), U(t) = (5(1),d(t)) be a

solution of (2 ) and denote
wi(t) = D2 M DE £ M (0)]p() — fu(t,B(), T DR B, d(e), T Do (e)),
nlt) = MDEE DR L 5y (010 — (e, 50), T DR, a(0), T D),

then
lwi(t)] < eEq, (t9?), |wa(t)| < eEq, (t*?).
From Theorem 3.1, we deduce that

{ﬁ(t) —ISH @B + IR (8 B(), T DGR B(E), a(t), T D () + w (t)]#@lipo,
q(t) = — I3 OFE)] + 152 [fa (4 B(), "D B(E), @(1), TDIEMG()) + wa ()] + s o-

(25)

When we set
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Ai(t) = [p(t) —p(D)],
Ao(t) = |FDE"p(t) — HDSLPp(t)),
As(t) = lq(t) —a(t)],
Ag(t) = [PDgPg(e) — P DY g (t)),
4
p(t) = ZAz‘(t),
i=1
and consider the fact that
¢ 1 0 tag(k+].)
a2 gy ag a2
182 B, (102 / Z agkz—i—l Z NCACESIESY < Eay (t%), (26)
0
t
TT (ag)
a1+ag a9 o ag 1 [ a9
IS5t E,,(t*?) < F T / (t—s) E,(s?)ds < 7F(a1 +OQ)EOQ(t ), (27)
0
we find that
~ @ ~ a1+ « ~ (¢4 ~ t,h_l
Mt < B0 + M ORO] ~ 15 B0, 7D 5. a0). " DR T0)) - 5w
g [M@)p(t) — p(D)]]
iz A e, DR R0 a(), PO ()
— A, TDREPEC), ), DG )|
MT /
[e5)
< a1+ (e} %1 o ag—1
< el B, (17?) + MIGEA () + (o1 + 0a) /(t $)*? p(s)ds, (28)

0

where the first term subsequent to the above inequality originates from the combination of (25)
and (27), and the third term is obtained directly from assumption (H).
Similarly, one obtains

As(t)

IN

‘HDOCI B1 )+ A (t ) ( ) — fl(t p( ), HDOél 61 ( ),q(t), HDS‘ivﬁla(t))
+A(®)][p(t) — p(t)]
0

—f1(s,B(s), "D B(s), dls), T DGEd(s)) | ds

271\ f1 (s, p(s), T DI p(s), q(s), T D2 g(s))

IN

t
eI Eo, (t°2) + MIS Ao (t) + Tag) /(t — 5)°2 L p(s)ds, (29)
0

and
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t
leY oo « M a 1
Au(t) < eI02 oy (8°2) + MICI A (1) F(a2/ 2~1(s)ds. (31)
0

In view of (26), (27) and (28)-(31), we arrive at
t

P(0) < CE (1) 4 [ (£ 9 Lplo)is,
0

T 1F a2
artaz)’
By Lemma 2.5, We obtam

|T(#) = UD)l1 < ¢(t) < eCFay (%) Bay (KT (2)t°?) < €M, , Fay (t°2),
where Mg, 1= CEq,(kI'(a2)T?). Thus, the system (2) is UHML stable. O

71— }

where C := 4max{ 1} and k :=3M max{F a1+a2) F(Zz) T

Theorem 4.2. Let (H) hold, if M < 1, the system (2) is UH stable.

Proof. The proof is similar to those of Theorem 4.1, we omit the details. O

5. SPECIAL CASES
In this section, we consider some special cases of the system (2).
5.1. Case I. Let

Fi(tp(t), "D p(t), q(t), T DG (1) = () [T DR+ A ()] () + g1 (8 a(t), T DG a(1)),
Fa(t,p(8), DG p(t), q(t), DG a(t)) = —8a(6) [T DR 4 61(D)]a(t) + g2(t, p(1), T DG p(D)).

We need the following assumption:
(H) Let g;(t,n(t), HDS‘i’BI (t)) € Ci1—+,(j = 1,2) for any n € CT' @151 and there exist

_ I-m
li(t), m;(t) € C(i = 1,2) such that

l91.(, w1 (1), ua()) — g1 (T (8), ()] < > Li(®)us(t) = wW(H)],  wilt), W(t) € Cry, (i = 1,2),

i=1
We denote
M o= max{ max [\dle, max [diles IMiAelle, ma [Tlle, ma e},
— T T2 To1+az
M := 5M*T(v)max{

Tar 1) Tlaz +70)" Tar +az +70)
Theorem 5.1. Assume that (H’) holds and M < 1, then the system

(705" 4+ ()] [T DG + M(B)]p(t) = g1(t,a(t), "D a(®)),
(DR 1 by(t)] [HDalﬁl +81(1)]a(t) = g2(t,p(t), DL p(1),
)0 =0, T 0)0%) =

has a unique solution and is UH stable and UHML stable with respect to Eq, (t*?).

Proof. Based on Theorem 3.5, the above mentioned system has a unique solution (p, q) € X x X.
Analogously to the proof of Theorem 4.1, we can infer the conclusion. O
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In what follows, we consider the case in which \;(t) = \; and §;(¢) = ¢; for i = 1,2. For our
purposes, we first restate the lemma below.

Lemma 5.1. ([33]) For A € R and 6 € (0, 1), the operator I + )\If+ : C1—y — C1— is invertible
0

and bounded, and

(I+ALL) " h(t) = Y (=X h(t).
k=0
From Lemma 5.1, we deduce
i s ! _ )11

0

t _ s 0(1c+1)
= /Z TCE) h(s)ds

_ / (t — )"~ B g(—A(t — 5)°)h(s)ds. (32)

to

Corollary 5.1. Let g;(t,-,-) : JxRxR — R(j = 1,2) satisfy (H’), zf]/\Z < 1, then the Langevin
system
[HDO@,/J’Q + )\2] [HD(O)?_,/D’l + )\1} (t) = g1(t, q(t), HDal,ﬂ1 q(t)),
(7052 4 6] [1 DG 4 81]a(t) = 0 p(0), D), (33)
(I "'P)(0%) = po,  (I: "@)(0%) = g,
has a unique solution

( t
p(t) = 7 Eay oy (=Mt )po + [(t = 8) 7 Egyaq (=M1t — )
0

% [(5 = 1) By (Dol = 7)°2)g1 (7, a(r), " Dt ™ q())drds,
0 (34)

t
q(t) =" By oy (—01t)q0 + [ (£ = 8) 7 By o (=01t — 5)*1)
0

)
X (5 = 1) By (—8(s — 7)°)gar, p(r), # D" p(r))drds,
\ 0
and system (33) is UH stable and UHML stable with respect to Eq,(t*?).

Proof. From Theorem 3.5, it follows that the unique solution to (33) is represented by:
{ p(t) = =M I5ip(t) + I 2 g (t) + %po, tel
a(t) = —0u I q(t) + IS 2Ga(t) + g, t € J,
where
a(t) = =X[TDEE 4 M]p(t) + au(t (), DG (1),
Rt) = —6:["DJ" +6i]a(t) + gt p(0), HDW p(t),
and (p(t),q(t)) € X x X.
Set £(1) == (DI + \)p(t) € Ci_y, by (35) we obtain

E(t) = N IS26(t) + 1201 (1, q(t), TDSH (1))
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and (I, I17726)(07) = 0. By Lemma 5.1 and (32), we get

(=M)H (152 T2 g1 (¢, a(t), " Do a(1))

M8

) =

0

(t = 5) 7" Bag (=t — $))g1(s,q(s), " DgL" g(s))ds. (36)

1
o\w ﬁ

Moreover, by Lemma 5.1 and (32), we have

a1y — ¢t _ - (_/\1)k / a1—1 v1—
(T+ Mlge) lr(%)po B Z(()/(t_s)k s o

= T(ark)l(m
= t’yl_lEaL’yl(—)\lt&l )po, (37)
and
t
(I + MIgH I / 8) " By an [ A1 (t — )1 )E(s)ds. (38)
0

From the first equation in (35), (37) and (38), we obtain

_ y1—1
p(0) = (T+nIgE) " {Fgm I at(t) + r(tar). D5 a(0)]}

I'(m
y1—1

= (1+n5) [mpo +Igke(t)]
t
= " Eqy 4 (At p0+/ )" Eayan [—A1(t — 5)*]E(s)ds.
0

Taking (36) into account, we derive the first expression in (34). In a similar way, we obtain
the second expression in (34). Theorems 4.1 and 4.2 collectively establish that the system (33)
exhibits UH stability and UHML stability with respect to Eq, (t*2). O

5.2. Case II. Let
Filt,p(t), TDEEPp(t), q(t), TDGET (1) = =0a() [ TDGE + M ()] p(t) — Ao (8)[ T DGE 4+ 61(8)] q(t) + ha(b),
fat,p(t), T DEEPp(t), q(t), TDGE T (1) = =X () [TDGE + 61()] q(t) — 62(8) [T DIL 4+ M (8)]p(t) + ha(t),
and

M® = max{||Xz[lc, |62, [IA201]le, [[Ardz]lc}

T T2 To+az

M := 5M°T max , , .
() {F(oq +1) I(ag +m) F(a1+a2+71)}

Theorem 5.2. Let hj(t) € C1_,(j = 1,2) and M < 1, then the system

[TDg272 4 5,(1) | [T DGE + M ()] p(t) + Mo (&) [T + 61(1)]q(t) = ha(t), t € J,
[HD%‘*? + Ao (t)] [HDal’Bl +61(8)] q(t) + 2(t) [HDal’Bl M ()]pt) = ha(t), t € J,  (39)
(I,;:"p)(0) = po, (IS+ "q)(0%) = qo,
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has a unique solution

p(t) = S (LM O (I 5 (D 52 000) + 820)]" I a2 (1) = ha(e) + (0]}

n=0

oo o 1
+ kgo(_loiAl('))ktlj(lTl)pm
T

a(t) = 3 (<L) {15 (D" [152000) + 0] 52 [ = 820152 (1) — ha(e)) + ha(®)] |

k=0

(40)

+k§0<4§¢61(->>’“%qo,
and the system (39) is UH stable and UHML stable with respect to E,,(t“?).

Proof. From Theorem 3.5, the system (39) has a unique solution (p(t), ¢(t)) € X x X. Next, we
derive a representation of the solution. Subtracting the first expression from the second in (39),
we get

TG M DG 1 61(0)]q(t) = P DG DG + M(0)]p(t) — () — ha(8).  (41)

Applying the operator I7'? to (41) and since [HDS‘i’ﬁl + 01(t)]q(t) € Ci—,, and [HD(O)Q”B1 +
A (t)]p(t) € Ci—,, we have

L[ Dg™ + 61(9)]a(s) 01) = o,
I DG+ x(s)]p(s) f(0F) = 0,

and

(DG 4 61(1)]q(t) = [T DG + M (1)]p(t) — 152 (ha(t) — ha(t)).
Multiplication of both sides of the above equation by A2(¢), in conjunction with the first equation
n (39), leads to

(DG 405(6)] [ Dyt -+ (0] p(®)+ A2 (O [F DT+ M (O] p(6) =52 (h ()=h2(1)) } = u(2),
that is
(D572 4 65(t) + Ao ()] [T DS 4+ X1 ()] p(t) = Ao (8)IS2[h1 () — ha(t)] + b (2).
By Theorem 3.4, p(t) can be represented by the first expression in (40). Similarly, we obtain
[HDgf’BQ + Xa(t) + 62(t)] [HDSTBI +61(t)]q(t) = —62(t) 152 [ha(t) — ha(t)] + ho(t),

and ¢(t) can be represented by the second expression in (40). O
5.3. Case III. Let \i(f) = d1(¢t) = 0in (2) and

f1(t, p(t), HDg_,l_’ﬂlp(t), q(t), HDS‘_}_’ﬁlq(t)) = —an HDg_,l_’ﬁlp(t) —a12p(t) — a3 HDg_,l_’ﬂlq(t) +r1(t),

F2(t, p(t), HDg_,l_’ﬂlp(t), q(t), HDS‘_}_’ﬁlq(t)) = —a2 HDg_,l_’ﬁlq(t) — a22q(t) — a23 HDg_,l_ﬂlp(t) + ra(t),

then the system (2) reduces to the following system

[TDg272 + ayy | TDSEP p(t) + arap(t) + a3 1D g(t) = 11(t), t € J,
[TDg272 + g1 | DS g(t) + azeq(t) + azs DS p(t) = ra(t), t € J, (42)
(I P)(O07) = po, (I @) (0F) = go.
Theorem 5.3. Let ri(t) € Ci1—+, (i = 1,2), if
{ T T2 Tortaz }
) 9 < ].,
F(ar+m) T(oag+71) (o + a2+ 1)

13T
5 max {Jaij [} (71) max
1<5<3
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then the system (42) has a unique solution and the system (42) is UH stable and UHML stable
with respect to Eq, (t9?).

Proof. By Theorem 3.5, the system (42) has a unique solution given by:

p(t) = I % [—an HDgi’ﬁlp(t) —a2p(t) — a13 HDS“i’qu(t) +ri(t)] + ?(lfy_llpov teJ,
a(t) = Igt " [—az " DGIP (1) — azq(t) — ass " DG p(t) + ra()] + Fisyao, ¢ € J.

From Theorem 2.1, by simplifying the terms on the right-hand sides of the above equations, we
derive

ty1taz—1

le% @ e le% @ v1—1
p(t) = —I52[ars + araI5p(t) — arsly2q(t) + ToiTo2ri(t) + TG Tag) (41170 + arago) + troqp“ ted,
1Ta2— 1—
a(t) = ~T%3[azn + a1 a(t) — azsIo2p(t) + 105 2ra(0) + Ert (a0 + azepo) + oo, t €

C(v1+az)

By Theorem 4.1 and Theorem 4.2, the system (42) is UH stable and UHML stable with respect
to Eq, (t*?). O

6. APPLICATIONS

This section provides three illustrative examples.
Example 6.1. We consider the system of Langevin FDEs with variable coefficients

11 2 31 1 2 31 1 _1
[MDkE + E11PDE 4 8ate) + B 1TDEY 4 ¥at) =, e (0.1,
11 2 31 1 2 b 1 1 1
[AD&7 + & HDg;i t2]q(t) + S[D +t2]p(t) =t73 —t 75, t € (0,1], (43)
(Igip)(07) =1,  (Ij7g)(0%) =2
1
Set a = 2,5 = 1, oy = D02 =%, A(t) =12, ho(t) = %, Si(t) = 12, 6a(t) = %7 hi(t) =t3
and ho(t) =t73 — 75, we can rewrite (43) to (39) and obtain v = 11, M° = - and
_ 1 T T2 Ta1+oc2
M = =T max ) )
2 ™) {F(Oq +7) Tloag+71) T+ a2+ ’Yl)}
111 1 1 1
= =I'(—)max{ , , }~0.70 < 1.
21 R Ty T

From Theorem 5.2, it follows that the solution (p(t),¢(t)) can be represented by (40), that is

R I% ks o n I% t2 nra (e o—% = I% Kt 5

p(0) =2 (<15 ) I S (070 ) I [ )+ S g
> 3 1.,.3 X P N 2 1 1 1 1 > 3 1T
q(t) :kzo(—fd5+t2)klo°+ X—:o(_l) (Lo )" Lo [ gt +t73 —t 5]+2k20(—100+t2)k;(¥)~

It can be readily observed that the following assertion holds:

n—1 .
(tﬂl(t)u_‘_)ntrzfl — H r(l(w + Tl) + 7_2) tn(w+71)+7'2*1
F(Z(W + 7'1) + 1 + w)

, T1,To,w >0, n > 1.
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Then, we deduce

o0

2O (=) e

n=0
o
— 6J+t7'2—1 _I_ISJ+ Z(_l)n(tﬁjéﬂr)ntm_l
n=1

_1 .
- Mtw+72_l + Iy i(_l)nh F(Z(W ks Tl) + 72) t”(w+71)+’r2—1
['(w+ 72) 0+ T D(i(w+ ) +w+ )

n=1

0o n I‘(i(w+7'1) —{—7’2) (@71)tetra—1
== _1 n n\wW+T1 w+To )
Z( ) Hr(i(w+T1)+w—|—72)t

n=0 i=0
Therefore
.- CRERVAN g 142 1
D (It g Y (1) (L) gt
k=0 n=0
! o FR B e | 1 B
= I Y IR D () ()
k=0 n=0
_ 15 & n 1 9, 3.
k=0 n=0 im0 - \gt T 7

= S ar [ty D TR ) st
D(§i+ 5 +0) 32 D(5gd + 3+ 55 +6)

k=0 n=0 i=0 =0

4 e ¢ e’} n 9. 61 k 1 . 9
p(t) = 1 I'(3) Z(_l)k Z(_})nl—[ (34 55) H L5 + 37+ 15) 0,20
21 9. 33 11 - 9 39
10 F(T) k=0 n=0 6 i—0 F(ZZ =+ T) Jaiy F(ﬁj + Zn + TO)
+Z(_1)k Z(_})nH F(ZZ + g) H F(ﬁj +in+ 12) gy 9 31
9 11 11 9 91
k=0 n=0 o (31 + 12) =0 (57 + 17+ &)
1 o0 k 1—1(11] + l) 11k .
b S [ R ) e
I'(35) kz—o ]-11 (157 + 13)
In the same way, from (44), we get
2 9 61y k 11 - 9 33
gty = -~ IG) i(—g’f i(_l)nﬁ I3+ %) 1 P57 + 41+ 88) 1pp o0
= F(%l) k= n=0 6 i=0 F(%i + %3) =0 P(%j + %n + %)
o o 9 2 11 - 9 11
S YEIDYEL) | -s 1) bR e
k=0 n=0 6 =0 F(Zz + ﬁ) =0 F(T.] + an + @)
DICIDPERL ) (o cas Ly ) (i CRaiks: IR A
k=0 o 00 Pt 55) g P(ggs + in+ g9)

141

(44)

(46)
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By Theorem 4.1 and Theorem 4.2, the system (43) is UH stable and UHML stable with
respect to E% (t%).
Similarly, for |w;(t)| < e (i = 1,2), the system

11 3 1 3 1
"Dy + 2] ["Dg:* +2]p(t) + ;%[HD(E;S +13)q(t) = t75 +wi(t), t € (0,1],
11 3 1 3 1
Hpis 4 2] [y +2]q(t) + S [TDEE +t3]p(t) =75 — 75 +wa(t), t € (0, 1], (47)

~
o
+5
k=)

_ o 3 3 o0 nrrt 2 n 1 2 1 1 > 3 1 -
PO = & (1L S 0@ S I G e v @] + 5 IR,
Gt = e _[% t% IcI% ] —_1)" I% ﬁ ”I% _ﬁ[% t*% t*% _t7% t 4,
qt)=>( o+ ) O+Z( )(o+6) o+[ 15 o+ + + wa(t)] (48)
. k:=03 4 n=0
3 1 —
+21€2::0(7105+t2)k;(§)1“(%).

Below, we plot two graphs of the approximate solutions for the systems (43) and (47). For
this purpose, we set w;(t) = € (i = 1,2) and denote the partial sums of the aforementioned series
(45), (46) and (48) for k ranging from 0 to K and n ranging from 0 to N as pg n(t), g N (1),
Pr,Ne(t), and gx N (1), respectively.

300
950 Psp.50(t)
“P50,50,0.01 (t)
=200 5p,50(%
= ~45p,50,0.01(1
S
&150 R
ey \ i
oS-
100
50/ e,
0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t
Figure 1. The graph of pso,50(t), P50,50,0.01(t), ¢50,50(¢t) and g¢s0,50,0.01(%)-

300

250 - o T

200
=150 -

100 -

50 - e ‘ (pgo,sa’ q5o,5o)

‘ _ ‘ ‘|”(p50.5070‘,01 ; q5o,50?0.01)

0 20 4IO 60 80 100 120 140
»

Figure 2. The graph of UH stability of the system (43).

Example 6.2. We consider the system of Langevin FDEs with Hilfer fractional derivatives
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11 11 Ly 1
(D3 + ] [ D5 + &5]p(t) = La(t) + ¢ SE%%(—%M), t € (0,1],
11 11 ) . 1
(D55 + ][ FDEF + Kla(t) = Lp() + 3By (kb te 01, (49)
2 2
(Igp)(07) =0,  (I5q)(07) =
When we set a; = ?51 = %,1042 =162 =% A = 15 Ag = 3. 5112 & 0 = &,
G1(ta(t) = a(t) +t3 By 1 (—Lth) and go(t, p(t)) = Lp(t) + £ 3B 1 (~1t1), we are able to
475 4’3
rewrite (49) as (33) and find that v, = 2, M* = - and
— T T2 Ttz
M := 5M'T max , ,
() {F(Oq +m) Tlaa+m)" T(oa + a2 +m)
1.3 1 1 1
= —I'(2)max{ , ) }~0.84 <1.
25 [(15)" T(36)" T(3)

From Corollary 5.1 and Lemma 2.4, it follows that the solution (p(t),¢(t)) can be represented
by (34), that is

t ; .
=0 [t =Ty J 31 (%55 = ) })ra(r)drds
t _3 1 1. _ 11 11 L1
[ =) By 4 (—35(t —)7)s7 W 2By o (—55%) — By (—3p5%)]ds,
t 1 3 1 11,2 2 L1
Q(t):{(t—s) 2E%% 4E%7%(_16(5_T)4)[1—p(7')+7' JE%Y%(—57'4)]dT}dS

j 1 p _3 1
zl%of(tfs) 2E%,%(fﬁ(tfs) )Of(sz) 4E%,%(716(s77)4)72p(7)d7—ds
L _1 1, _5 1 1
+Of(t—s) ZE%’%(—ﬁ(t—s)ﬂs 12 [2E%’%(—és4)—E%’%(—%szl)]ds

An RLC circuit is an electrical system consisting of resistors (R), inductors (L), and capaci-
tors (C) and source voltages (e) connected in series or parallel, exhibiting oscillatory behavior
and resonant frequency characteristics. The classical circuit theory paradigm inherently ideal-
ized inductors and capacitors as integer-order components, mathematically representing their
voltage-current dynamics via first-order differential or integral equations. However, in engi-
neering applications, inductors and capacitors exhibit fractional-order properties, which cannot
be accounted for by the concepts of integer-order circuits. Analyzing these components and
their circuits using fractional calculus can reveal new characteristics that are not observable in
integer-order systems. A comparison between fractional-order and integer-order RLC systems
is presented in Table 1.
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Table 1. Comparison between Integer-Order and Fractional-Order RLC Circuits

Aspect Integer-Order RLC Circuit Fractional-Order RLC Circuit

Physical An ideal model is characterized  The model is more physically realistic as

Basis by separate and instantaneous it incorporates memory effects and
energy storage (L, C) and distributed characteristics.

dissipation (R).

Component Ideal Elements: Fractional (Non-Ideal) Elements:
Modeling o Cip(t) = ("% e Fractional Capacitor:
o L:iug(t)= L('h:i;(t) ic(t) = CDM ue(t)(0 < a1 < 1)

e Fractional Inductor:

up(t) = LD (1) (0 < as < 1)

Transient Fixed rc\s];(ms("a More complex responses
Response Decay is described by exponential Decay is described by special functions
functions. like the Mittag-Leffler function, exhibiting
non-exponential properties.
Applications Used for analyzing circuits Used for designing devices with specific
composed of ideal components frequency responses

For detailed information about RLC circuits, we refer to [18, 44].
Next, we apply our result to solve a fractional-order RLC circuit system.

Example 6.3. We consider the linear electrical circuit shown on Figure 3 with resistances
R;(j =1,2,3), capacitances C;(j = 1,2), inductances L;(j = 1, 2) and source voltages e;(t)(j =

1,2).
Ry G 2 R,
|| || J
| | | |
i i g

)
=

£1 €9

D

Figure 3. Electrical circuit of Example 6.3.

%]

Applying Kirchhoft’s laws, we write for the circuit the following equations:

i1(t) = C ™ Dgtu(t), ia(t) = Co " Ditua(t),
el(t) = (Rl + Rg)il( ) + 14 RLDO+Z1( ) + ul(t) — Rgig(t),

ea(t) = (Rz + Ry)ia(t) + Lo " Dg2ia(t) + ua(t) — Rair(t),

(50)
(51)

(52)

where 0 < ay < a1 < 1, uy(t) and uy(t) are the voltages across the capacitors C; and Co,

respectively, e;(t) € C(j = 1,2).
Furthermore, we can rewrite (50), (51) and (52) as the following system

Ci1L1 RLD(12 RLD&1 1(t) + C1(R1 + R3) RLDQ1 1(t) +ui(t) — C2Rs3 RLDO‘1 2(t) = e(t), t € J,
CaLs RLDw" RLDO+U2( )+ Ca(R2 + R3) RLDO+U2( ) +uz2(t) — C1R3 RLD0+U1( )=ea(t), t € J.

(53)
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Next, we study (53) under initial value conditions

(I 1un) (07) = co, (I ™ 1u2) (0%) = c1.

Set
R + R3 Ry + R3 1 1
ail = T, a1 = T7 a2 = m, a22 = my
CQR3 _Cle €1<t) o €2<t)

a’13:_ClL17 a23 C2L27 Tl( = ClLl’ T2( )_ CQLQ’

then system (53) can be transformed into the system (42)(when 5; = 0(i = 1,2)). By Theorem
5.3, if

r T T2 Ttz

) 1] { ) ) } 1>

%IE?ZX?SH(ZU |} (011) ax F(2051) F(Ozl + 062) F(2a1 + 042) <
VRS

the system (53) has a unique solution

ui(t) = —Igf [a11 + a12[3ﬁ]ul(t) — algfngQ(t) +7T(t), teJ, (54)
UQ(t) = —Igf [&21 + azglgﬁ]l@(t) — a23fgfu1 (t) + Tg(t), teJ,
where
ot tal—l-ag—l tal_l
Ti(t) = I717%ri(t)+ =— e
1(t) ob () + o1 + o) (a11c0 + aizer) + o) <
T o1ban ta1+a271 talfl
t) = I t)+ —— .
2(t) ot Pra(t) + (a1 + a2) (agie1 + azsco) + F(Oq)Cl
From the proof of [25, Theorem 3 and Theorem 4], we further obtain
o0
ul(t) = Z(—l)k(alljgf + algfgi+a2>k [ — algfngQ(t) + Tl(t) ,te
k=0

For any function f(t) € Ci_q,, one can derive that
D (=1)* (annIg? + ara It To2) (2
= k i j agi+tj(al+a
= 2 30 (G )b
it

_ )a2i+j(a1+042)*1

) / 0t 3 (Y e s o O

t— S)a2i+j(a1+a2)*1

B °°°°(i+j)..7a gy $)ds
= O/;Z o (=a11)"(~a12) T(azi + j(a1 + a2)) f(s)d

2 (i + )1 — arz(t — s)@rte2))?

) !Z(_all)z(t o Z G0 (G (o + a2) + i) fs)ds

i=0 J=0

t
= Z(_all)n\/SnQQ_IELLT—&aQ,naz (_a125a1+a2)f(t - S)dS
0

= D (—a1)" (Bl s nanians ().
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By [19, Lemma 4 and Theorem 6], we have
= (_all)n n+1 @ ag—1 > ny,(n+l)a a1—1 pn+1 [e% @
Z L(on + o) (Ea;Laz,nag;ams a2 )(t) = Z(_all) g(nthezten Eozj+a2,(n+1)a2+a1(_a12t 1 2), (55)
n=0 n=0
1 oo oo
F(Oél) Z(_au)n(Ezj‘iazﬂla%ﬂlzSal_l)(t) = Z(_all)ntnaz+al_lngioczyna2+a1(_a’12tal+a2)7 (56)
n=0 n=0
n n+1 e a n n+1
Z(_a’ll) (Eaj+a2,nag;a12]0i+ 27‘1)(t) = Z(_a’ll) (Eaf+a2,(n+1)a2+al;alzrl)(t)' (57)
n=0 n=0
Hence
o0
n n+1
ur(t) = —arz Y (=) (B0 (s nyagsar,42) () + Q) (58)
n=0
where
1 = n n+1
Q(t) = CiLy Zo(ian) (Ea1+a27(n+1)a2+a1;a1261)(t)
Harico + arser) Y (—any) TR g aptay (—a12711O2)
n=0
+eo Y (—an) "t T ERTL  antay (—a12t7O2), (59)
n=0

Substituting (58) into the second equation of (54) yields

us(t) = —Ig2lasy + ase Igtuz () + arsazs Y (—a10)" (BLT ] o) (ni2)aniarsu2) (1) — azsIg2Q(E) + Ta(t).

n=0

The application of Picard’s successive approximation method leads to

o0 oo
k
UQ(t) = Z(—l)k |:a21fg_f + a2215i+a2 — 13023 Z(—au)nEZj—iQ%(nJﬂ)az;alz] |: - a23]§_§9(t) + Tz(t) .
k=0 n=0

Substitution of the above expression into (58) gives uq(t).

7. CONCLUSIONS

The system (1) represents a sophisticated mathematical model encompassing multiple deriva-
tives, serving as a foundational framework from which diverse specialized systems can be derived.
Notable examples include fractional-order Langevin systems and fractional-order RLC circuits.
This framework can generate numerous previously unexplored models, highlighting its novel
contributions to the field. Nevertheless, investigating the nonlinear system (1) with variable
coefficients introduces profound analytical difficulties, particularly given that essential proper-
ties of the corresponding linear systems have yet to be fully characterized. In this study, we
establish the existence and uniqueness of solutions to the system (1), as well as its stability. As
particular cases of system (1), we can derive: (i) The corresponding results for fractional-order
Langevin systems, and (ii) a mathematical framework of an RLC circuit. The methodological
framework developed in this study can be directly extended to address more complex systems.
An important direction for future research lies in extending the present analysis to examine the
system (1) under boundary conditions, where several fundamental questions remain unresolved.
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